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Abstract

This paper reports a Genetic Algorithm (GA) based reconstruction procedure to determine the elastic constants of an orthotropic
plate from ultrasonic velocity data. Phase velocity measurements are carried out using ultrasonic back-reflection technique on laminated
unidirectional graphite–epoxy (0)16 and quasi-isotropic graphite–epoxy (+45,�45,0,90)7s fiber reinforced composite plates. A forward
model to generate the slowness curves from elastic constants has been used to verify the quality of the reconstruction. The sensitivity of
the chosen GA parameters is studied. As expected, out of 9 orthotropic elastic constants to be determined, the C23 and C44 found to be
insensitive. The GA based reconstruction using data obtained from multiple planes were evaluated and it is shown that the single plane
reconstruction at a non-symmetric plane was sufficient for the computation of the seven elastic constants.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Evaluation of the mechanical behavior of composite
materials [1] under severe loading conditions requires the
knowledge of elastic constants of the material under con-
sideration. Conventional techniques like tensile and com-
pressive tests are destructive in nature and provide only a
few elastic constants and are difficult to perform on thin
plate like structures. Ultrasonic techniques are advanta-
geous in these aspects over the conventional techniques
and are uniquely qualified for non-destructive measure-
ment of several of the elastic constants of such materials.

Elastic constants are related to ultrasonic velocities
along different propagation directions through the Chris-
toffel equation [2–4]. Thus it is possible to evaluate elastic
wave velocities in any direction given the elastic constants.
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Similarly, when elastic wave velocities are measured from
experiments, in principle, it is possible to deduce the elastic
constants.

In practice, with normal incidence velocity data, only a
few elastic constants can be determined through a simple
inverse procedure. For instance C11 can be calculated
directly from the ultrasonic velocity at normal incidence.
But to find the other elastic constants, it becomes necessary
to use the oblique incidence velocity data, coupled with a
suitable inversion technique. The inversion problem (dis-
cussed in Appendix A) contains trigonometric terms and
hence it is non-linear and non-unique in nature. The use
of over determined data sets (data obtained from multiple
angles of incidence) cancel out the random error in the
experimental data.

The determination of elastic constants from ultrasonic
bulk wave velocity data along planes of symmetry of the
plate has been studied by Chu and Rokhlin [5]. They have
shown that quasi-longitudinal and quasi shear velocity
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data in two accessible planes of symmetry can be used to
obtain a complete set of five independent elastic constants
for a transversely isotropic material and seven of the nine
independent elastic constants for an orthotropic material.
They have used a non-linear least square optimization
method to reconstruct the elastic constants of the plate.
However, this inversion procedure involves an initial guess
of the elastic constants being computed, and often these
guessed values must be somewhat close to the actual value
for the inversion to converge.

Ditri [6] empirically showed that for anisotropic media,
of the 21 elastic constants, 15 elastic constants can be
uniquely determined from velocity data measured in one
plane and 20 elastic constants can be uniquely determined
from data measured in two planes. Chu, Degtyar, and
Rokhlin [7], reported the analysis of the reconstruction of
elastic constants from ultrasonic velocity measurements
in non-symmetry planes of unidirectional composite mate-
rials. They found that, when all nine elastic constants of
orthotropic material were reconstructed from velocity data
in non-symmetry planes, the inversion is highly dependent
on the initial guesses and susceptible to random data scat-
ter. Once, the seven elastic constants are found from veloc-
ity data in planes of symmetry, the remaining two can be
found from non-symmetry-plane data independent of ini-
tial guesses and scatter levels.

Balasubramaniam and Whitney [8] have calculated elas-
tic constants of thick unidirectional and cross-ply glass-
epoxy composite plates. The authors measured group
velocity as a function of energy propagation angle, from
which they computed phase velocity as a function of phase
angle. Phase velocities were inverted to obtain elastic con-
stants. The authors used a commercial parameter identifi-
cation software, which was used to perform a least
squares iteration followed by a simplex algorithm. Bala-
subramaniam [9] described the efforts made to reconstruct
material stiffness properties of unidirectional fiber-rein-
forced composites from obliquely incident ultrasonic bulk
wave data, employing an inverse technique based on
Genetic Algorithm (GA) that does not depend on initial
guesses and provides global solutions to complex forward
functions [10–14]. The theoretical velocities [10] were calcu-
lated using the known elastic constants and these were then
used for reconstruction of elastic constants. The authors
[10] concluded that elastic constant identification was
unconditionally stable up to 2–5% noise of any distribution
and noise level of 10% was also acceptable.

Chiroiu et al. [12] explained a non-linear inverse method
based on GA to determine second and third order elastic
constants of monoclinic materials using ultrasonic velocity
data. The authors calculated elastic constants by reducing
the error between theoretical and experimental velocities.
Silva et al. [13] estimated the elastic constants based on
the adjustment of coefficients in an optimization process,
i.e. GA in which the objective function is based on the dif-
ference between the analytical natural frequencies and the
measured ones. The GA based inversion has also been used
for the determination of the ply-lay-up in multi-layered
composite plates using the dispersion relationship measure-
ments of guided waves [15].

In the present study, unidirectional graphite–epoxy and
quasi-isotropic graphite–epoxy (+45,�45,0,90)7s compos-
ite plates are considered and the ultrasonic phase velocities
are measured using back-reflection technique [16]. The
inversion is carried out using Genetic Algorithm (GA)
which avoids the computation of gradients involving veloc-
ity values. The elastic constants obtained are checked for
physical applicability by satisfying constraints [17].
2. Theoretical background

The plane wave propagation characteristics and elastic
constants are related by the Christoffel equation [3] as

k2Cijvj ¼ qx2dijvj ð1Þ

where k is the wave vector (unit vector normal to the wave
front); x, the angular frequency; vj, the polarization vector;
q, the density of material; Cij, the Christoffel matrix, given
by

Cij ¼ liKCKLlLj ð2Þ

where CKL is the elastic constant matrix; liK, the direction
cosine matrix.

The elements of the Christoffel matrix are functions of
the plane wave propagation direction and the elastic con-
stants of the plate. The reciprocal of phase velocity magni-
tude, as a function of propagation direction is the slowness
curve. It is an important tool in ultrasonic non-destructive
evaluation since the energy of the wave always travels nor-
mal to this slowness curve. The slowness curve can be used
to determine the trends in the angular variations of the
velocity.

Unlike the anisotropic crystals, composites are made
using layers of same material oriented in different direc-
tions. Anisotropic crystals can be cut in different directions
to propagate wave and measure the velocity. But in gen-
eral, thin-layered composites cannot be cut in different
directions, so the velocities at different propagation direc-
tions are obtained by using the oblique incidence immer-
sion setup.

The elastic stiffness matrix for orthorhombic symmetry
(orthotropic) materials can be represented in matrix form
as

½C� ¼

C11 C12 C13

C12 C22 C23

C13 C23 C33

C44 0 0

0 C55 0

0 0 C66

2
666666664

3
777777775

ð3Þ
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Fig. 2. Fiber orientation and coordinate system for quasi-isotropic
graphite–epoxy composite plate.
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3. Goniometry based immersion setup

Schematic of the back-reflection technique is shown in
Fig. 1. In the Fig. 1, X is the horizontal displacement of
the transmitted beam with respect to the incidence ray.
At normal incidence, X is zero and increases as the incident
angle hi increases. hr is the wave propagation angle within
the plate measured from the normal to the plate.

Back-reflection immersion setup has been used to mea-
sure ultrasonic velocity in the material at different angles
of propagation. The single axis immersion setup consists
of a probe holder, a rectangular frame to hold the sample,
a stepper motor and a back-reflector. Probe holder can be
adjusted according to the size of the sample. The dimen-
sions of back reflector are selected such that the multiples
from back reflector do not interfere with the required
signal.
4. Samples description

Well characterized unidirectional graphite–epoxy com-
posite (fibers are aligned along X3-direction) plate of thick-
ness 2.16 mm and 8.4 mm quasi-isotropic graphite–epoxy
composite (+45, �45,0,90)7s were considered for recon-
struction of elastic constants. The 8.4 mm thick plate
was made using 56 layers of graphite fiber with the
(+45,�45,0,90) ply group repeated seven times and then
followed by another seven sets of similar ply group repre-
sented symmetrically about the middle plane of the lami-
nate. The samples were manufactured under pressure
using pre-peg hand lay-up followed by autoclave curing.
The two samples were tested for material homogeneity
using ultrasonic C-scan and were found to be homoge-
neous and defect free. Ultrasonic velocity measured at a
single spot, could be taken as representative of the entire
sample, thereby obtaining the effective elastic constants of
the medium. Both the samples were modeled as orthotropic
materials. This is contrary to the normal assumption that
unidirectional fiber composite plates can be modeled using
the transversely isotropic model. The justification for this
orthotropic model is based on the autoclave nature of the
manufacturing process causing the pressure along the nor-
mal direction to plate surface to be higher that the tangen-
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Fig. 1. Schematic of back-reflection technique.
tial direction. A schematic of the quasi-isotropic plate and
co-ordinate system used is shown in Fig. 2.

5. Experimental procedure

A single axis immersion setup has been used to measure
the time-of-flight in the sample for different angles of prop-
agation. The ultrasonic velocity at different incident angles
was calculated using this time-of-flight data. In the back-
reflection technique [16], the same transducer acts as trans-
mitter as well as receiver. Reddy et al. [16] compared the
through-transmission and back-reflection ultrasonic
immersion techniques for determining the elastic stiffness
matrix of materials and concluded that the back-reflection
technique is superior to the through-transmission tech-
nique. The specimen is held between the transmitter and
the back-reflector, and is precisely rotated using a com-
puter controlled stepper motor to give different orienta-
tions for the incidence (and propagation) of ultrasonic
waves in the plate. The experiments were carried out using
a broadband unfocused 10.0 MHz center frequency trans-
ducer (V327 Panametrics Inc, USA) for 2.16 mm unidirec-
tional graphite–epoxy composite and a broadband
unfocused 1 MHz center frequency transducer (V303 Pan-
ametrics Inc, USA) for quasi-isotropic graphite–epoxy
composite. Necessary alignments and calibrations were
made to the experimental setup to measure ultrasonic
time-of-flight data. There were only two modes present in
the signal. By time gating the total signal, quasi-longitudi-
nal wave was considered below first critical angle and
quasi-shear wave was considered above first critical angle.
The reason to select two modes was to reconstruct elastic
constants effectively by fitting two slowness curves. The
required signal was identified and record length was
adjusted such that the reflected signal from the back reflec-
tor was isolated and recorded. Specimen was rotated at 1�
step resolution, and at each angle of incidence, a total of
256 signals were acquired and averaged (to reduce any
transient electronic noise). Further, the effect of ‘‘noise’’
near second critical angle was reduced by using the method
of moving window average [18].

For the two samples the ultrasonic time domain (RF)
signals were stored at various angles of incidence, from
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normal incidence to the second critical angle. For each
trial, the signal without sample (only through water path)
was recorded as the reference signal. The phase velocity
of propagation in the plate for the given angles of propaga-
tion was calculated using the cross-correlation technique
[19,20].

6. Results and discussion

Experiments on samples in three different propagation
planes namely 1–2 symmetric plane, 1–3 symmetric plane
and a non-symmetric plane at 45� to 1–2, and 1–3 planes
(hereby referred to as the 45� plane) were obtained and
analyzed. Five trial sets of data were taken for each of
the two samples to check for repeatability of the results.
Elastic constants reconstructed from these five trial sets
shows good agreement with each other and hence only
one set of the elastic constants is given. From time-of-flight
data, velocities were determined as described in the section
below.

6.1. Calculation of velocity and propagation angle

From the measured time-of-flight data, phase velocity in
the plate for an incident angle (hi) with back-reflection
technique is calculated using Eq. (4) [21,22].
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V P ¼
Dt
2d

� �2

� Dt=d
V w

cos hi þ
1

V w

� �2
" #�1=2

ð4Þ
where VP is the phase velocity (m/s); Vw, the velocity in
water (m/s); d the thickness of material (mm); hi, the inci-
dent angle (in radians); Dt = t2 � t1, the time difference be-
tween the signal with (t2) and without (t1) sample (s).

The velocity as a function of incident angle in the 1–2
plane of symmetry is shown in Fig. 3. Due to anisotropy
of quasi-isotropic plate in 1–2 plane, both the longitudinal
and the shear velocities change with incident angle. For the
unidirectional plate, the 1–2 plane is perpendicular to the
fibers, with both longitudinal and shear velocities reason-
ably invariant with incident angle. Reddy et al. [16] used
this feature in their reconstruction. This approximation
has been avoided here and the plate has been modeled as
orthotropic to account for the autoclave nature of the man-
ufacturing process as explained in Section 4.

Five sets of phase velocity data in the 45� plane of quasi-
isotropic plate was collected using the same experimental
arrangement, but at different locations on the sample. All
of the data sets are plotted in Fig. 4. It was observed that
the variation in these velocity measurements was very
small. The standard deviation (r) of measured velocity
is 10.47 m/s for longitudinal wave measured below first
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critical angle, and is 1.95 m/s for quasi-shear wave. Similar
pattern was observed in unidirectional plate also. The aver-
age values of these measurements were used in the elastic
constant reconstruction.

The measured phase velocities were used in Snell’s law
to find the propagation angles (hr) in the plate, given by
Eq. (5), shows the propagation angle as a function of inci-
dence angle (hi).

hr ¼ Sin�1 V P

V w

Sinhi

� �
ð5Þ
6.2. Estimation of elastic constants using GA

Propagation angle (hr) and propagation velocity (VP)
inside the plate are used in reconstructing the elastic con-
stants of the plate. An Error function [9,10] was first
defined as the square of the difference of the squared veloc-
ities that were measured and reconstructed (using assumed
values of the elastic constants). The Genetic Algorithm
(GA) based inverse method of reconstruction then starts
with a population of randomly guessed candidate values
of the elastic constant set, each of which are then evaluated
using the error function. A few of the guesses with the low-
est error function are preserved, while the others are placed
with new guesses. The subsequent guesses are driven by the
Genetic Algorithm evolutionary process described in detail
below with the objective of finding the set of elastic con-
stant guesses that provide an error function that is small.
Binary code of elastic constant, C11 Decoded value

1 0 1 0 1 1 0 0 1 0 1 1 1 1 0 0 1 1 0 1 13.40
The error function to be minimized, during the inversion
of the ultrasonic velocity data, can be represented as
follows.

Minimize ERRðCÞ ¼
Xi¼2

i¼1

Xj¼M

j¼1

V c
ijð/; hrÞ2 � V m

ijð/; hrÞ2
" #2

ð6Þ
Subject to

CMIN < C < CMAX

where C is the elastic constant vector; CMIN and CMAX are
the lower and upper bounds on the elastic constants; i, an
index specifying the mode of bulk wave propagation; j, an
index specifying the direction of bulk wave propagation;
V m

ij , the experimental phase velocity; V c
ij, the forward calcu-

lated phase velocity; M, the number of different directions
of velocity measurements; /, the azimuthal angle with
respect to a material symmetry direction and ERR(C),
the error function.

Genetic Algorithms have been used to optimize the error
function given in Eq. (6). Evolutionary computation tech-
niques such as GA are search algorithms based on the
mechanics of natural selection. They are robust, conceptu-
ally simple and can be used in situations where mathemat-
ical models are unavailable or in situations where the
search space is complex to use traditional or conventional
techniques. GA is very efficient in finding near global min-
imum (or maximum).

6.2.1. Creating a sample solution space

In GA, each candidate solution (chromosome) of the
solution set (population) undergoes an evolutionary pro-
cess subject to some fitness criteria. The candidate solu-
tions are coded and supplied to the GA. Each candidate
solution (chromosome) consists of 9 unknowns represent-
ing the 9 elastic constants. The number of bits per elastic
constant is initially chosen as 10 but 20 were used to
ensure a good accuracy [10]. The total length of a chromo-
some is thus 180 bits. At the end of the evolutionary pro-
cess, the chromosome is decoded for which the 180 bits
are divided into 9 substrings of 20 bits each and converted
from the binary to a decimal format. Each substring will
now represent an elastic constant which is illustrated
below for one elastic constant (i.e. C11). Variable ranges
are used in decoding a binary code of elastic constants.
Variable range for C11 is used as 8–16 GPa. Even though
a binary coding process was used to create the guessed
elastic constants population in the present work, other
coding methods such as real coding procedure can also
be used.
6.2.2. The evolution process

The evolution process can be summarized as the follow-
ing steps:

1. Evaluate the fitness of each candidate in the current
solution set using the error function in Eq. (6).

2. Select two candidate solutions (parents) by using a Rou-
lette wheel selection procedure to combine (reproduce)
and produce two new solutions (off springs). Selection
of the candidate solutions for reproduction is based on
their fitness.

3. Combine the parents to produce two new candidate
solutions (the child or offspring) which will combine
the characteristics of its parents. The mating process is
implemented as a crossover operation whereby bits from
the parents’ chromosomes are crossed over at random
locations. Steps 2 and 3 are repeated until new candidate
solution set is filled with children.

4. Some of the newly created candidate solutions are
mutated by which bit values of the candidate are ran-
domly flipped from 0 to 1 or vice versa. Such a mutation
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operation creates new characteristics in the solution
space and prevents the solutions from having character-
istics of only the previous generation. In order to ensure
the children not to be much different from their parents,
only 10 percent mutation is allowed.

5. The principle of Elitism was employed at the time of cre-
ating a new generation. Some of the fittest solutions are
directly transferred to the next generation without
applying crossover and mutation. Elitism carries over
good solutions to the next generation. The use of elitism
ensures a constant growth of the best fitness in the pop-
ulation, along the generations. In this work, the best
chromosome is carried to next generation without
modification.

This five step procedure creates the new solution space
(next generation).

Sensitivity of the of GA parameters has been checked by
executing the code for different sets of GA parameters. The
variation of error function ERR(C) as a function of the
number of generations has been plotted in Fig. 5 for differ-
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ent crossover rates (CR) by keeping mutation rate (MR) as
constant at 0.1 and in Fig. 6 for different mutation rates by
keeping crossover rate as constant at 0.85. It was observed
that the rate of convergence of the error function to a min-
imum value was highest for GA parameters CR and MR at
0.85 and 0.1 respectively. These optimized GA parameters
used in reconstructing the elastic constants are given in
Table 1. The GA process was terminated once the number
of generations reached 500.

6.3. Reconstruction approach and results

Three different methods for the GA based reconstruc-
tion of elastic constants from the measured ultrasonic
velocity data were implemented. In all the three methods,
measured velocity up to 50� of incidence has been used
for the reconstruction.

(a) Method 1. Orthotropic Assumption and Three Plane

Data: This approach is similar to the one used in
[5,7] where velocity is measured at different azimuthal
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Table 1
Optimized set of GA parameters

GA parameters used in the inversion procedure

Population size 50
Number of bits per variable 20
Selection type Roulette wheel
Crossover type Two point crossover
Crossover rate 0.85
Mutation rate 0.1
Number of elite solutions 1
Number of generations 500
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orientations in the 1–2 plane, 1–3 plane and the 45�
plane of the sample. The material is assumed to be
orthotropic and the reconstruction process is limited
to inverting 9 unknown parameters.

(b) Method 2. Orthotropic Assumption and Single Plane

Data: Velocity in the plate is measured in the 45�
non-symmetric plane. The plate is assumed to be
orthotropic and the reconstruction process is limited
to inverting 9 unknown parameters.

(c) Method 3. Reconstruction using Triclinic Single Plane

method: Velocity in the plate is measured in the 45�
non-symmetric plane. The plate is assumed to be tri-
clinic and the reconstruction process involves invert-
ing 21 unknown parameters.
6.3.1. Method 1 – Orthotropic assumption three plane data
The velocities were measured using back-reflection tech-

nique on (a) the 2.16 mm unidirectional graphite–epoxy
composite plate and (b) the 8.4 mm quasi-isotropic graph-
ite–epoxy composite plate as representative of orthotropic
material. To reconstruct the elastic constants of the ortho-
tropic material using three plane velocity data, the elastic
constant C11 was calculated using the normal incidence
velocity as discussed in Appendix A (Eq. (A3)). The elastic
constants C22, C12, and C66 were reconstructed by GA
using 1–2 plane velocity data, C33,C13, and C55 were recon-
structed by GA using 1–3 plane velocity data. With 7 of the
9 elastic constants determined, the remaining 2 constants
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C44 and C23 were reconstructed by GA using 45� non-sym-
metric plane velocity data.

Slowness curves were generated for wave propagation in
1–2 and 1–3 symmetric planes and 45� non-symmetric
plane. The reconstructed elastic constants obtained using
3 plane velocity data and assuming the plate (sample) as
orthotropic, were used to draw the slowness as shown in
Fig. 7 for the quasi-isotropic plate for propagation in 45�
plane. For the two samples, slowness curves generated
using forward model are in better agreement with the
experimental slowness curves.

Using the current technique of obtaining data from a
single plate (irrespective of whether a single plane or mul-
tiplane data is used for reconstruction), only seven out of
nine elastic constants can be reconstructed. Elastic con-
stants C23 and C44 cannot be reconstructed as C23 and
C44 are very insensitive to ultrasonic bulk wave velocities
in the plate. Even, when C23 was varied by 50%, the varia-
tion in longitudinal velocity was only 0.15% and the varia-
tion in shear velocity was just 0.7%. When C44 was varied
by 50%, the variation in Longitudinal and shear velocity
was only 1%. This has also been reported by others else-
where [7,10].
6.3.2. Method 2 – Orthotropic assumption and single plane

data

Measuring velocity in three planes is difficult since it
requires precise rotation of the sample in the azimuthal
plane (in addition to the rotation for changing the angle
of incidence) and processing multiple sets of data.

To reconstruct the elastic constants of the orthotropic
material using single plane velocity data (45� plane), the
elastic constant C11 is calculated as described in Section
6.3.1. The remaining eight elastic constants are recon-
structed by GA using the 45� non-symmetric plane velocity
data.

In Fig. 8 slowness curves for 8.4 mm thick quasi-isotro-
pic graphite–epoxy composite for wave propagating in 45�
plane were drawn by reconstructing the elastic constants
using single plane data assuming orthotropic medium.
ite
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Checking with slowness curves enables trends to be
matched along with the velocity values.

Fig. 8 shows a good agreement between the experimen-
tal data and the forward model. Similarity with the slow-
ness curves in Figs. 7 and 8 suggests the possibility of
finding elastic constants using single plane data alone.

Knowing the elastic constants of a layer of graphite–
epoxy composite material, the theoretical elastic constants
Table 2
Reconstructed elastic constants of graphite–epoxy composite plate (8.4 mm thic
constants (percentage error from theoretical values in parenthesis) and standa
inversion

Elastic constants (in GPa)

Theoretical Method 1 Me

(% Error) (r) (%

C11 12.43 13.69 (10.13) 0.00 13.6
C12 5.81 5.98 (2.93) 0.10 6.2
C13 5.81 6.88 (18.42) 0.07 6.7
C22 59.11 60.17 (1.79) 0.92 58.8
C23 20.53 14.47 (29.52) 1.14 10.1
C33 59.11 58.93 (0.30) 1.04 60.5
C44 19.29 4.14 (78.54) 0.41 4.7
C55 4.26 3.80 (10.79) 0.12 4.0
C66 4.26 4.18 (1.87) 0.13 4.3

Table 3
Reconstructed elastic constants of graphite–epoxy unidirectional composite pl
theoretical elastic constants (percentage error from theoretical values in paren
nature of the GA inversion

Elastic constants (in GPa)

Theoretical Method 1 Met

(% Error) STD (% E

C11 12.43 13.48 (8.45) 0.00 14.
C12 5.39 7.26 (34.69) 0.04 6.
C13 6.24 6.80 (8.97) 0.02 6.
C22 12.43 15.39 (23.81) 0.08 14.
C23 6.24 11.95 (91.50) 0.14 8.
C33 134.36 135.55 (0.88) 0.36 142.
C44 5.00 6.43 (28.60) 0.17 8.
C55 5.00 6.02 (20.40) 0.00 6.
C66 3.52 3.62 (2.84) 0.03 3.
of quasi-isotropic graphite–epoxy composite can be calcu-
lated by arithmetic averaging [23–25]. The reconstructed
elastic constants using three plane data and single plane
data are compared with the theoretical elastic constants
in Tables 2 and 3 for the quasi-isotropic and unidirectional
plates respectively.

The comparison shows the applicability of single plane
reconstruction as a quick and reasonable assessment of
k) using single, and three plane data, compared with the theoretical elastic
rd deviation during inversion caused by the stochastic nature of the GA

thod 2 Method 3

Error) (r) (% Error) (r)

9 (10.13) 0.00 12.71 (2.25) 0.00
2 (7.05) 0.10 5.89 (1.37) 0.11
5 (16.17) 0.07 5.96 (2.58) 0.13
6 (0.42) 0.92 58.07 (1.75) 1.22
6 (50.51) 1.14 15.99 (22.11) 0.79
9 (2.50) 1.04 57.94 (1.97) 1.37
2 (75.53) 0.41 15.77 (18.24) 0.21
5 (4.92) 0.12 3.84 (9.85) 0.16
6 (2.34) 0.13 3.84 (9.85) 0.13

ate (2.16 mm thick) using single, and three plane data, compared with the
thesis) and standard deviation during inversion caused by the stochastic

hod 2 Method 3

rror) STD (% Error) STD

05 (13.03) 0.00 13.48 (8.45) 0.00
64 (23.19) 0.36 5.13 (4.82) 0.21
35 (1.76) 0.13 5.34 (14.42) 0.29
1 (13.44) 0.57 13.42 (7.96) 0.61
29 (32.85) 0.57 8.6 (37.82) 0.42
32 (5.92) 1.44 141.0 (4.94) 1.24
51 (70.20) 0.46 8.35 (67.0) 0.64
82 (36.40) 0.05 6.64 (32.8) 0.08
27 (7.10) 0.16 2.65 (24.71) 0.10
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elastic constants. The elastic constants reconstructed using
GA are given as initial guesses to the Quasi–Newton algo-
rithm (known as BFGS – Broyden, Fletcher, Golfarb, and
Shannon algorithm) to minimize an unconstrained multi-
variable function as mentioned in Eq. (6) without con-
straints. The gradient search algorithm and Newton’s
method form the basis of the BFGS algorithm [26].
Quasi–Newton methods begin the search along a gradient
line and use gradient information to build a quadratic fit
to the model and use a line search method like the Fibo-
nacci method. It was observed that the results from GA
are within 0.5% of the results from GA-BFGS. Hence,
the results presented in the Table 2 and 3 were considered
to be the best solution to the measured data.
Table 4
Percentage velocity error (as defined in Section 6.3.3) in longitudinal and
shear velocities

Method % Errors in

Longitudinal velocity Shear velocity

Method 1 0.51 0.16
Method 2 0.4 0.1
Method 3 1.7 0.06
6.3.3. Reconstruction using triclinic single plane method

In the Anisotropic Single Plane method, it is essential to
obtain the velocity data from a non-symmetry plane such
as the 45� plane. Using this single plane velocity data it is
possible to reconstruct the different independent elastic
constants effectively. The reconstructed elastic constants
using this method are shown in Tables 2 and 3. From
Tables 2 and 3, it may be observed that the elastic con-
stants could well be reconstructed using data taken from
single plane. Assuming orthotropic symmetry plate as tri-
clinic, the feasibility of elastic constants determination is
evident from Tables 2 and 3.

Percentage error in the measurement is defined as differ-
ence in the theoretical and the reconstructed elastic con-
stants divided by the theoretical elastic constants, and are
given in Tables 2 and 3 for quasi-isotropic and unidirec-
tional composite respectively. The error is more for C23

and C44, as C23 and C44 are insensitive to ultrasonic veloc-
ity data. Standard deviation (r) in the reconstructed elastic
constants is small for all the constants except C23 and C44

and is shown in Tables 2 and 3. The variation in the recon-
struction is obtained as a result of the stochastic (quasi-ran-
dom) nature of the GA based inversion, i.e. using the same
input velocities, the inversion will not coverage to the same
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Fig. 9. Slowness curves for 8.4 mm thick composite for wave propagating i
medium.
reconstructed elastic constant values. However, the results
shown in Table 2 and 3 show that for 7 of the 9 elastic con-
stants the variation is small. It may be noted here that this
stochastic behavior is able to provide small variation for
the 7 constants that can be reliably measured using the
ultrasonic velocities measured here, and may provide a
method for the determination of material symmetries with-
out prior knowledge about the material. However, this is
beyond the scope of this paper.

Fig. 9 shows the slowness curves drawn using elastic
constants reconstructed from single plane data for the
quasi-isotropic plate for waves propagating in the 45�
plane data assuming anisotropic medium. Similarities in
the slowness curves in Figs. 8 and 9 with that in Fig. 7
shows the possibility of finding elastic constants of aniso-
tropic plate effectively using single plane data.

The percent velocity error in the reconstruction was
defined as the ratio of the difference between the experi-
mental velocity and the theoretical velocity (calculated
using the Christoffel equation with the reconstructed elastic
constants) to the theoretical velocity. This percent velocity
error was used as a measure of the quality of the recon-
struction of the elastic constants from the measured ultra-
sonic velocity data. The percent velocity error using the
above three methods is tabulated in Table 4.

The reconstructed elastic constants were then verified
based on the engineering constants data provided for the
unidirectional laminates by the manufacturer of the com-
posite materials that were obtained using a statistical
site

0.8

Longitudinal (Predicted)

Longtudinal (Experimental)

Quasi shear (Vertical-
Predicted)

Quasi shear (Experimental)

Quasi shear (Horizontal-
Predicted)

n 45� plane using anisotropic single plane method assuming anisotropic



Table 5
Percentage error in reconstructed engineering constants of unidirectional graphite–epoxy composite

Engineering constants (unidirectional composite)

Manufacturer data Method 1 Method 2 Method 3

Reconstructed Error Reconstructed Error Reconstructed Error

E11 10 10.04 0.45 10.88 8.80 11.49 14.88
E33 130 126.14 2.97 136.90 5.31 135.12 3.94
G13 5 6.02 20.40 6.82 36.40 6.64 32.80

Table 6
Percentage error in reconstructed engineering constants of quasi-isotropic graphite–epoxy composite

Engineering constants (quasi-isotropic)

Inferred from manufacturer data Method 1 Method 2 Method 3

Reconstructed Error Reconstructed Error Reconstructed Error

E11 11.58 12.56 8.46 12.49 7.79 11.76 1.54
E33 50.77 53.19 4.77 56.36 11.02 51.98 2.40
G13 4.26 3.80 10.80 4.05 4.93 3.84 9.86
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number of tension tests. Since the stiffness constants (Cij)
data were not available from the manufacturer, and only
three constants for the unidirectional materials were pro-
vided, the reconstructed stiffness constants were converted
into the engineering constants and compared with the man-
ufacturer data in Table 5 for the unidirectional composite
sample. It can be noted that the E11 and the E33 compare
well, but the G13 shows an error of approximately 20–35%.
It was however further clarified by the manufacturer that
only the E11 and E33 were measured using the tension test
and the G13 constant was estimated based on experience.

The manufacturer data was not available for the quasi-
isotropic sample. Hence, the simple ‘‘rule of mixtures’’ was
used by coordinate transformation of the unidirectional
elastic constants and by averaging them based on the ply
lay-up. Then this ‘‘inferred’’ data was compared with the
engineering constants that were obtained from the recon-
structed stiffness constants using the 3 methods and is
shown in Table 6. Again, from Table 6, it was observed
that the E11 and the E33 were reconstructed well, while
the G13 showed higher % error.
7. Summary

A GA based inversion of ultrasonic velocity measure-
ments obtained from laminated fiber reinforced composite
plates using a oblique incidence back-reflection technique
to reconstruct elastic constants has been demonstrated.
Two samples, a (i) 8.4 mm thick quasi-isotropic graph-
ite–epoxy composite and a (ii) 2.16 mm unidirectional
graphite–epoxy composite plate were made. Velocities
were measured as a function of angle and three different
methods were described in detail to reconstruct the elastic
constants. Derivations of the forward model to calculate
velocities from elastic constants and the inverse model
to obtain elastic constants from velocity data are also
provided.
The Method for calculating elastic constants using three
plane velocity data and single plane velocity data while
assuming the medium as orthotropic showed that the single
plane reconstruction in a non-symmetric plane was suffi-
cient to calculate all seven elastic constants of an orthotro-
pic medium with an accuracy comparable with a more time
consuming procedure using data sets from multiple planes
(since the sample or the apparatus must be rotated).

This work may be further extended to complex anisot-
ropy cases like a GA based reconstruction of the more gen-
eral case involving 21 elastic constants (corresponding to
triclinic symmetry). Such an effort may require more pre-
cise measurement of the velocities and use of very broad-
band transducers. Velocity measurements can be made
automated and the reconstruction procedure cost effective.
Such efforts have already been made [27] using PVDF
based transducers. The inversion procedure can also be
extended to other symmetries, like the Monoclinic and
Triclinic symmetries.
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Appendix A

A.1. Orthotropic material

For a wave propagating in 45� plane, direction cosines
are givenby

l1 ¼ Cosh; l2 ¼ SinhCos/ l3 ¼ SinhSin/; ðHere / ¼ 45�Þ
ðA1Þ
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Here / is the angle made by incident ray with X2-axis
and h is the angle made by incident ray with X1-axis.

From Christoffel equation, jCij � qv2dijj ¼ 0,

a1 � qv2 b1 c1

a2 b2 � qv2 c2

a3 b3 c3 � qv2

�������
������� ¼ 0

where

a1 ¼ C11l2
1 þ C55l2

3 þ C66l2
2

b1 ¼ ðC12 þ C66Þl1l2

c1 ¼ ðC13 þ C55Þl1l3

a2 ¼ b1

b2 ¼ C22l2
2 þ C44l2

3 þ C66l2
1

c2 ¼ ðC23 þ C44Þl2l3

a3 ¼ c1

b3 ¼ c2

c3 ¼ C33l2
3 þ C44l2

2 þ C55l2
1

After simplification, the equation reduces to

x3 þ A2x2 þ A1xþ A0 ¼ 0 ðA2Þ
where

x¼ qv2

A2¼ a1þb2þ c3

A1¼�ð�a1b2�a1c3þ c2b3þa2b1þa3c1�b2c3Þ
A0¼�ða1b2c3�a1c2b3�a2b1c3þa2c1b3þa3b1c2�a3c1b2Þ

By solving the cubic equation, three roots corresponding
to one quasi longitudinal and two quasi shear velocities can
be obtained.

By substituting / = 90 and / = 0 in Eq. (A1), and sim-
plifying the Christoffel equation, gives the velocity expres-
sions in 1–3 plane and 1–2 plane as given in Eqs. (A4)
and (A5) respectively. These expressions are explicitly pro-
vided in Auld [3].

A.2. Inverse model

Elastic constants were reconstructed from the experi-
mentally measured ultrasonic velocity data. Inversion pro-
cedure for elastic constants of orthotropic material involves
the determination of nine independent elastic constants.
Nine elastic constants were determined in four steps.

Step 1: C11 is determined from normal incidence velocity
using the following relation

C11 ¼ qv2
Lð0Þ ðA3Þ

Step 2: Inverting both longitudinal and shear velocity
data measured in 1–3 plane using GA, by minimizing the
norm of error between theoretical and experimental
squares of velocities, it is possible to determine C13, C33,
C55. Experimental velocity data is fitted in the following
two relations to determine these three unknowns.
vL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4c
p

2q

s
ðA4:aÞ

vQS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4c
p

2q

s
ðA4:bÞ

where

b ¼ �ðC11 cos2 hþ C33 sin2 hþ C55Þ ¼ �B

c ¼ C11C55 cos4 hþ C33C55 sin4 h

þ sin2 2h
4
½C11C33 þ C2

55 � ðC13 þ C55Þ2�

Step 3: As in step 2, inverting both longitudinal and
shear velocity data measured in 1–2 plane using GA, by
minimizing the norm of error between theoretical and
experimental squares of velocities, it is possible to deter-
mine C12,C22,C66. Experimental velocity data is fitted in
the following two relations to determine the three unknown
parameters.

vL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4c
p

2q

s
ðA5:aÞ

vQS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4c
p

2q

s
ðA5:bÞ

where

b ¼ �ðC11 cos2 hþ C22 sin2 hþ C66Þ ¼ �B

c ¼ C11C66 cos4 hþ C22C66 sin4 h

þ sin2 2h
4
½C11C22 þ C2

66 � ðC12 þ C66Þ2�

Step 4: By inverting both longitudinal and shear velocity
data measured in the 45�-plane using GA, the elastic con-
stants C23 and C44 are determined. Experimental velocity
data is fitted in to the highest and lowest velocities obtained
from the Eq. (A2).

All of the elastic constants of orthotropic plate can be
reconstructed by inverting the velocities in single non-sym-
metric plane such as 45� plane using the velocity expres-
sions given in Eq. (A2).
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